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Abstract 

We present the classical Wagner construction from 1935 of the curvature tensor 
for completely nonholonomic manifolds in both invariant and coordinate way. The 
starting point is the Shouten curvature tensor for nonholonomic connection intro- 
duced by Vranceanu and Shouten. We illustrate the construction on two mechanical 
examples: the case of a homogeneous disc rolling without sliding on a horizontal 
plane and the case of a homogeneous ball rolling without sliding on a fixed sphere. 
In the second case we study the conditions on the ratio of diameters of the ball and 
the sphere to obtain a flat space - with the Wagner curvature tensor equal zero. 
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§1. Introduction 
1.1. Historical overview 

It is well known that the full difference between nonholonomic variational prob- 
lems and nonholonomic mechanics was understood after Hertz [Hr] . The gcometriza- 
tion of nonholonomic mechanics started in late 20' of the XX century, with works 
of Vranceanu, Synge and Shouten. Vranccanu defined the notion of nonholonomic 
structure on a manifold (see [Vr]). Synge and Shouten made the first steps toward 
the definition of the curvature in nonholonomic case (see [Sy, Sh] ) . It was Shouten 
who introduced the notion of partial, or nonholonomic connection. However, the 
highlights of that pioneers period of development of mechanically motivated non- 
holonomic geometry was the work of V. V. Wagner, published in several papers 
from 1935 till 1941 (see [Wal, Wa2, Wa3]). Wagner constructed the curvature 
tensor as an extension of the Shouten tensor. This construction is performed in 
several steps, following the flag of the distribution. In that sence, the structure of 
nonholonomicity of given distribution is reflected in the Wagner construction. For 
those achievements, Wagner was awarded by Kazan University in 1937 (see [VG]). 

The main aim of this paper is to present Wagner's construction, both in invariant 
and coordinate way. The existence of Gorbatenko's recent, modern review [Go] is 
very helpful in understanding original Wagner's works. Since we want to follow the 
original Wagner ideas, there are some differences from Gorbatenko's presentation. 

We also give two mechanical examples. The first one is the problem of a ho- 
mogeneous disc rolling without sliding on a horizontal plane and the second is the 
problem of a homogeneous ball rolling without sliding on a fixed sphere. In both 
cases we produced complete computations of the construction of the Wagner cur- 
vature tensor. Although the first problem is of degree 2 of nonholonomicity, and 
the second one is of degree 1, the computations in the second case are much more 
complicated. 

The problem of homogeneous ball rolling without sliding on a fixed sphere is 
interesting because it gives a family of (3, 5)- problems depending on a parameter k, 
which is the ratio between the diameters of the ball and the sphere. We investigate 
the Wagner flatness in these cases, in terms of this parameter k. 

Geometry of nonholonomic variational problems is intensively developing nowa- 
days, (see [Ju, Mn, AS]) motivated by the Control Theory. As an important ex- 
ample, we mention the Agrachev curvature tensor and related invariants of Sub- 
Riemannian Geometry (see [AS]). These natural geometric constructions were de- 
veloped further in [AZ1, AZ2], and Agrachev and Zelenko implied their theory to 
the situation of a homogeneous ball rolling without sliding on a fixed sphere. It 
appears that there exist k for which their invariants are zero, exactly in the same 
cases where the Cartan tensor is zero (see [Ca, Mn] ) . 

So, putting alltogcthcr, we can summarize the conclusion of this paper by saying 
that the Wagner construction of curvature tensor is natural, and essentially different 
from other natural constructions, such as the Cartan and the Agrachev curvatures. 



1.2. Basic notions from nonholonomic geometry 
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Let us fix some basic notions from the theory of distributions [VG].. 
Definition 1. Let TM = T X M, be the tangent bundle of a smooth n- 

dimensional manifold M. A sub-bundle V = V x , where V x is a vector subspace 

of T X M, smoothly dependent on points x e M, is a distribution. If the manifold 
M is connected dim V x is called the dimension of the distribution. 

A vector field A on M belongs to the distribution V if X(x) C V x . A curve 7 is 
admissible relatively to V, if the vector field 7 belongs to V. 

.A differential system is a linear space of vector fields having a structure of 
C°°(M) - module. Vector fields which belong to the distribution V form a dif- 
ferential system N(V). 

A k— dimensional distribution V is integrable if the manifold M is foliated to 
k— dimensional sub-manifolds, having V x as the tangent space at the point x. 
According to the Frobenius theorem, V is integrable if and only if the corresponding 
differential system N(V) is involutive, i.e. if it is a Lie sub-algebra of Lie algebra 
of vector fields on M. 

Definition 2. The flag of a differential system A is a sequence of differential 
systems: A = N, Ni = [A, A], . . . , A, = [A ; _i, A], .... 

The differential systems Aj are not always differential systems of some distribu- 
tions Vi, but if for every i, there exists Vi, such that Ni — N(Vi), then there exists 

a flag of the distribution V: V = Vq C Vi Such distributions, which have flags, 

will be called regular. It is clear that the sequence N(Vi) is going to stabilize, and 
there exists a number r such that N(V r -i) C N(V r ) = N(V r +i). 

Definition 3. If there exists a number r such that V r = TM, the distribution 
V is called completely nonholonomic, and minimal such r is the degree of nonholo- 
nomicity of the distribution V. 

We are going to consider only regular and completely nonholonomic distribu- 
tions. 



1.3. The equations of motion of mechanical nonholonomic systems 

One of the basic references on nonholonomic mechanics is [NF] , see also [AKN] . 
Let us consider nonholonomic mechanical system corresponding to a Riemannian 
manifold (M, g), where g is a metric defined by the kinetic energy. It is well-known 
that to every Riemannian metric g on M corresponds a connection V with the 
properties : 

i) V x g(Y, Z) = X(g(Y, Z)) - g(\7 x Y, Z) - g(Y, V X Z) = 0, 
ii) T(X, Y) = V X Y - VyA - [A, Y] = 0, 

where A, Y, Z are smooth vector fields on M. This symmetric, metric connection 
is usually called the Levi-Chivita connection. 
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We assume that the distribution V is defined by (n — m) 1-forms uj a ; in local 
coordinates q = (q 1 , q n ) on M 

(!) u p (q)(q) = a pi (q)q z = p = m + l,...,n ; i = l,...,n. 

Definition 4. 4 virtual displacement is a vector field X on M, such that w p (X) = 
0, i.e. X belongs to the differential system N(V). 

Differential equations of motion of a given mechanical system follow from the 
D'Alambert-Lagrange principle: trajectory 7 of given system is a solution of the 
equation 

(2) (W^-Q,X) = 0, 

where X is an arbitrary virtual displacement, Q a vector field of internal forces, 
and V is the metric connection for the metric g. 

The vector field R(x) on M, such that R(x) G Vj~, Vj~ © V x = T X M, is called 
reaction of ideal nonholonomic connections. Equation (2) can be written in the 
form: 

v^7 - Q = R, 

[ ' Wa(7)=0. 

If the system is potential, by introducing L = T — U, where U is the potential 
energy of the system (Q = —gradU), then in local coordinates q on M, equations 

(3) become: 

d_dL _dL_^ 

(4) dt dq dq ~ ' 

u) a (q) = 0. 

Now R is a 1-form in (V ± ), and it can be represented as a linear combination of 
1-forms uj m+1 , . . . ,oj n which define the distribution: R= 

a— m+1 

Suppose ei, . . . , e„ are the vector fields on M, such that ei(x), . . . , e n (x) form a 
base of the vector space T X M at every point x 6 M, and e\, . . . , e m generate the 
differential system N(V). Express them through the coordinate vector fields: 

d 

ei=A 3 i (q)-^-j, i,j = l,...,n. 

Denote by p a projection p : TM — > V orthogonal according to the metric g. 
Corresponding homomorphism of C°°-modules of sections of TM and V will be 
also denoted by p: 

Projecting by p the equations (3), from R(x) G V ± (x), we get p{R) = 0, and denote 
P(Q) = Qwe get 



(5) 



V^ 7 = Q, 
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where V is the projected connection. A relationship between coefficients T c ab of the 
connection V, defined by the formula 

^e a e h = f c ab e c 

and the Christoffel symbols of the connection V follows from 

V ea e b = T c ab e c = p (V ea et) 

Thus we get 

8A j 

(6) f^ = r$A A frk + Ai-QjtPj- 

If the motion is taking place under the inertia (Q = Q = 0), the trajectories 
of nonholonomic mechanical problem are going to be geodesies for the projected 
connection V. Equations (5) were derived by Vrancheanu and Shouten. 

Note. The projected connection V is not a connection on the vector bundle V 
over M, because the parallel transport is defined only along admissible curves. So, 
it is called partial or nonholonomic connection. (Exact definition follows in Section 
2.2). 



§2. THE SHOUTEN TENSOR 

Let V be a distribution on M. Denote C°°(M)- module of sections on V by 
T(V). 

Definition 1. A nonholonomic connection on the sub-bundle V of TM is a 
map V : T(V) x r(V) ->■ r(V) with the properties: 

i) V X (Y + Z) = VxY + V x Z 
^i) Vx(f-Y) = X(f)Y + fV x Y 
Hi) Vfx+gyZ = fV x Z + g\7 Y Z 
X,Y,ZeT(V) ; f,geC°°(M). 

Having a morphism of vector bundles pa : TM — > V, formed by the projection 
on V, denote by qo = Itm — Po the projection on W, V © W — TM. 

Definition 2. The tensor field T v : r(V)xr(V) -> r(V) defined in the following 

way: 

T V (X,Y) = V X Y- V Y X-p [X,Y] ; X,Y &T(V) 
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is called the tensor of torsion for the connection V. 

Suppose there is a positively defined metric tensor g on V: 

g : Y(V) x T(V) - C°°(M), g(X,Y) = g(Y,X). 

Theorem 1. Given a distribution V, with po and g, there exists a unique 
nonholonomic connection V with the properties: 

i) V x g(Y,Z) = X(g(Y,Z))-g(VxY,Z)-g(Y,VxZ) = 

( ' a) t v = o. 



The Theorem 1 is a generalization of a well-known theorem from differential 
geometry. A proof can be found in [Go]. 

The conditions (1) can be rewritten in the form: 

i) v x y = V Y X+ PQ [X,Y] 
(2j ii) Z(g(X,Y))=g(V z X,Y)+g(X,V z Y). 

By cyclic permutation of X, Y, Z in (2 ii)) and by summation we get: 

(3) 9(VxY,Z) = l -{X{g{Y,Z)) + Y{g{Z,X)) Z(g(X,Y))+ 
+g(Z, po [X, Y] ) + g(Y, po [Z, X] ) - g(X, Po [Y, Z] } . 

Let q l , (i = 1, . . . , n) be local coordinates on M, such that the first m coordinate 
vector fields -Jj~ are projected by projection p into vector fields e a , (a = 1, . . . , to), 
generating the distribution V: po(-^r) — pf(q)e a - Vector fields e can be expressed 
in the basis as e a = B l a -J~, with B l a p\ = 5 b a . Now we give coordinate expressions 
for the coefficients of the connection r^ b , defined as V ea ef, = Y c ab e c . From (3) we 
get: 

(4) r^ b = { c ab } + g ae g cd nf }d + g be g cd K d ~ Kb, 
where f2 is obtained from po[e a , e b ] = —2VL c ab e c as: 

2n c ab =pCe a (Bl)-pCe b (Bl), 

and {lb) = \9 ce ( e a(9be) + e b (g ae ) - e e (g ab )). 

It was shown in Section 1.3. that the equations of a nonholonomic mechanical 
problem, without external forces, are geodesic equations for the connection V. The 
connection V is obtained by projection on the sub-bundle V of the Levi-Civita 
connection V for the metric g. The question is: what is a relationship between the 
connection V and the metric g, induced from g on V. 

Proposition 1. The connection V, obtained by projecting metric torsion-less 
connection V for the metric g, is the metric torsion-less connection for the induced 
metric g if the projector p is orthogonal. 
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Proof. Let po : TM — > V be the orthogonal projector. 

a) We need to prove V<? = 0. For arbitrary 1,7,^6 we have: 

(5) V x g(Y, Z) = X(g(Y, Z)) - g(V x Y, Z) - g(Y, X7 X Z). 

Since g is induced by g, it follows that g(Y, Z) = g(Y, Z). In the same way, \7xY = 
Po^xY = V xY — U, where U G T(V ± ) is a vector field projected with po into 
0. From the orthogonality condition, U is orthogonal on X, Y and Z relatively to 
the metric g, so we get: g(V x Y, Z) = g{V X Y, Z) = g(V X Y -U,Z) = g{V x Y, Z). 
Similarly, g(Y, V X Z) = g(Y, V X Z). Plugging into (5), we get: 

V x g(Y, Z) = V x g{Y, Z) X,Y,ZeT(V), 

and from the assumption Vg = 0we get Vg = 0. 

b) We need to show that the connection V is torsion-less. 

T^(X, Y) - V X Y - V Y X - po[X, Y] 
=PaVxY - poVyX - p [X, Y] = p (V X Y - VyI - [X, Y]), 

and since V is free of torsion, the same is valid for V. □ 

Note. Both the Wagner and the Shouten tensor, as we will see later, depend 
on the choice of the projector. Wagner defined curvature tensor for a metric which 
is defined on the distribution V. If we start from some mechanical problem, then 
there is a metric on the whole TM, which is afterwards induced on V. According 
to the last Proposition, in order to get projected connection which is metric for 
the induced metric, one is obliged to choose the orthogonal projector. That means, 
that for mechanical systems there is a unique choice of a projector. 

The problem of definition of the curvature tensor for nonholonomic connections 
was considered for the first time by Shouten. He defined the curvature tensor in 
the following way: 

Definition 3. The Shouten tensor is a mapping K : T(V) xT(V) xT(V) -> T(V) 
defined by: 

(6) K(X,Y)Z = V X (V Y Z) - W Y (V X Z) - V Po[ x, Y] Z - p [q [X,Y], Z], 

where X,Y,Z<E T(V). 

To check that the Definition 3 is correct, one has to verify that K is of tensor 
nature, i.e. that it is linear on X, Y, Z relatively to the multiplication by smooth 
functions on M . Really, by direct check [Go] we get: 

K(fX,Y)Z = fK(X,Y)Z, 
K(X,Y)(fZ) = fK(X,Y)Z, 
K(X,Y)Z = -K(Y,X)Z. 

In comparison to the curvature tensor for connections on M, we see that Shouten 
tensor (6) has one term more, the last one in (6), and that in the third term po 
appears. The last term gives a correction in order that K be a, tensor. Note that 
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without that last term linearity for Z relatively to the multiplication by smooth 
functions would not be satisfied. 

A mapping K(X, Y) : Z -> K(X,Y)Z is a morphism of C°°(M)- module 
T(V). Since K is anti-symmetric relatively to X,Y, a C oc (M)-linear mapping 
T(K) : T(A 2 V) — > T(End(V, V)) can be corresponded to the Shouten tensor by the 
condition: 

T(K)(X AY)Z = K(X,Y)Z, X,Y,Z gT(V), 
where A 2 V is the space of bivectors. 

§3. The Wagner tensor 
3.1. The Wagner construction 

Wagner constructed a curvature tensor starting from the integrability condi- 
tion for the tensor equation VI = U where U £ End(V,V), X E T(V). If the 
curvature tensor is zero, then absolute parallelism should take place, i.e. a covari- 
antly constant vector field in any direction should exist , which is equivalent to 
the integrability of the equations VI = 0. Wagner noticed that if the degree of 
nonholonomicity is greater then 1, then the Shouten tensor does not satisfy the 
condition of absolute parallelism, and he suggested a correction. The idea is the 
following. One starts with some metric g on V.The metric g is going to be extended 
to each sub-bundle Vi of the flag V = V C\V\ <Z ■ ■ ■ C\V N = TM. The next step, 
the connection on Vi and the curvature tensor analogous to the Shouten tensor are 
going to be defined. In this way, in the iV-th step, the curvature tensor which sat- 
isfies the absolute parallelism condition is constructed. The basic Wagner's paper 
where this was performed is [Wal] . 

Let a metric g be defined on fc-dimensional vector space W. Then a metric g A 
on A 2 TT is defined by the expression: 

(1) 5 A Oi A 3/1,2:2 A 1/2) = 

(The isomorphism ip : A 2 W* -> (A 2 W)* 

<p(f ^9){x Ay) = u(x,y) = f(x)g(y) - f{y)g{x). 

is used here.) 

Lemma 1. If g is positively definite form on W , then g A is also positively 
defined form on A 2 W. 

Consider a mapping 

A : A 2 T{V) -» T(TM)/T(V), 

defined by 

A(X AY) = [X,Y] modr(y), X,Y eT(V). 



g(xi,x 2 ) 5(21,2/2) 

g(yi,x 2 ) 3(2/1,2/2) 
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The mapping A is C°°(M) - linear: 

A(fXAY) = [fX,Y] mod T(V) = {-Y(f)X + f[X,Y}} mod T(V) = 
= f[X,Y] mod T(V) = fA(X A Y). 

Observe that Im(A) is not always equal to T(TM)/T(V), but it is its C°°(M)- 
submodule, and denote 

r(Vi) = {X e T(TM)\X mod T{V) G im(A)} . 

So, we get a sequence of C°° submodules T(V ) C • • • C r(V N ) = T(TM), defined 
by: 

T{Vi) = {l£ T(TM)|X mod r(V5_i) G Im(A,_i)} , 

Ai(X AY) = [X,Y] mod T(^), i = l,...,N, 

where V = Vo, A = A . Note that the sequence of sub-bundles Vo C V\ C • • • C 
Vat = TM is a flag of the distribution V, and N is the degree of nonholonomicity, 
since we reduced our attention to the case of regular distributions. The mapping 
Aj : f\ 2 Vi — ► TM/Vi is called £/ie i-i/i tensor of nonholonomicity of the distribution 
V. 

For every point x G M, there is a factor space Vi+i jX /Vi iX with the projection 
TTj : Vi+i iX — ► Vi+i iX /Vi ;X . Suppose the mappings 9 ifX : V i+ i, x /V iiX — ► i?; iX are 
defined, where i?^ x are some sub-spaces, chosen transversely to V x ,u so that Vi tX © 
Ri.x — Vi+i.x- Mappings qi — 9i ■ iti and pi = — qi are the projectors onto Ri 
and Vi respectively. Now we are going to extend the metric from V to the whole 
TM. 

Theorem 1. Let the distribution V with metric g and mappings &o, ■ • - 8n-i 
are given. Then there exists a unique metric tensor G on TM, which satisfies the 
conditions: 

1. G\ v =g. 

2. In the direct sum TM = Vo © Rq © • • • © Rn-i the components are mutually 
orthogonal. 

3. (Gk)" 1 = 9i ■ Ai ■ ((G^rr 1 • (9i ■ A,)*. 

Proof. For an arbitrary point x on M we have T X M = Vb jX ®Ro, x ©...© Rn-i,x- 
Define G\n itX = <7,+i jX by the condition 3 of this Theorem. By the previous Lemma, 
#0 x is a positively defined form on A 2 Vq, so it is (.9o, x ) _1 on (A 2 Vo)*. The operation 
of conjugation preserves positive definitness, so we get that gi x is also a positively 
definite form. By iterations we get that <7i+i, x are positively definite. □ 

Coordinate expressions for the metric enlarged from V^_i to Vi = V^_i © Ri-i 
are obtained in the following way. Let the vectors e ai _ 1 span Vi-\. Corresponding 
dual base denote by e° i_1 . If X ai e ai is a given 1-form on Ri-i, then: 

l g(X ai e a *) = l g a > b >X ai e bi 

= (^_! • Ai.OCGOi.J- 1 ^-! • Aj_i)*(X ai e 0i ) 

= • A i _ 1 )(GCj_ 1 )- 1 (X 0i M 1 2_ i64 _ i e«*«- 1 Ae 6 ") 

= (^_! • A i _ 1 )( ff A )^-^-^-*-HM 1 :;_ l6l _X 0l e Cl _ 1 Ae di _J 

= (5 A ) ai - l6i - lCi - ldi -H^M2_ i6i _ i M^_ idi _ i e 6i ) ) 
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where g Aa i-i b i-i c i-i d i-i \ s the inverse metric tensor for g A defined by (1), and 

i-l, 

M c '_ d ._ are coordinate expressions for the (i — l)-th tensor of nonholonomicity 
Ai_i. It is obvious that 

so, finally we get 

Let us define morphism of vector bundles ^ : Vi+i — > A 2 1^, by: 
(3) W = W'-^i-Air-Gi+il^-fli-TTi. 

So, if X e r(Vi), then = 0. 

Now we get coordinate expressions for ^: 



/ii_i(e 0i ) = M£- l6i - 1 e ai _ 1 Ae^ 



— M 0i a u n c *-i a i-i '„<»i-iOi-ip a P , 

— iva c i - 1 d i - 1 9a i b i 9 9 — i bi—i ■ 

Coordinate expressions for /Zj and those for metrics are in the agreement with the 

original Wagner's paper [Wal] . 

We are ready to expose Wagner's construction for the curvature tensor for non- 

holonomic systems. 

o o 
Denote by V the connection for the metric go on Vq, and by K\j the Shouten 

tensor. Define □ : r(Vi) x T(V Q ) -► T(V ) by: 

h x U = V PaX U + k n {no{X))(U)+po[qoX, U], 

i 

and Kq : A 2 Vi — ► End(Vo) by the condition: 

T(K n ) (X A Y ) (U) = U x U Y U - U Y U x U - U pi [xy] U - Pa [ Ql [X, Y],U], 

where 1,7 6 r(Vi), U e r(V&). 

Similarly, by induction: □ : T(V t ) x T(V a ) T(V ) 

a x u = l n Pi _ lX u + 1 k u{m-i{x)){u) + pote-i*. u], 

K a : A 2 Vi -> End{V ) X, Y G T(V t ), U e T(V ), 

r(k n )(x a y)u = n x n Y u - a Y a x u - n Pi[XtY] u - Po h[x, y],u}. 

Finally for i = N we get: 

N 

□ : T{V N ) x r(v ) - r(Vb), 

(4) 

v ; N N-l N-l 

D X U= V PN _ lX U + K n {HN-i{X)){U)+pv[q N -iX,U], 
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K a : A 2 V N -> End(Vo), X, Y e r(V)v), C/ G r(V ), 

^ ' AT JV JV N N JV 

T(K a )(X A Y)(7 = DjcDy^ - DyO^P - n [XtY] U, 
because pn = id, and qn = 0. 

i 

Theorem 2. Mappings □, satisfy the following conditions: 

1. □ / x +ff y(7 = /nxt/ + gnYC/, /, ff eC°°(M) 

2. □ x (/tf) = x(/)[/ + /n x t/, A-.yer(Vi) 

/v 

3. □ is a linear connection on the vector bundle V. 
The proof follows by direct calculations. 

JV 

Since □ is a connection on the vector bundle, according to the Theorem 2, we 

JV 

get that K\j is the curvature tensor of the vector bundle V over M, relative to the 

JV 

connection □, and it is called the Wagner tensor of nonholonomic manifold. 

Note. In [Go], the Wagner tensor is defined in a slightly different manner, as a 
mapping K\j : A 2 r(yjv) — > T(End(VN-i))- The way presented here is in agreement 
with the original Wagner paper [Wal], as it is going to be clear from the coordinate 
expressions given below. 



3.2. Coordinate expressions for the Wagner tensor 

Now we are going to derive the coordinate expressions for the Shouten tensor 
and the Wagner tensor. The Latin indices ttj run in the intervals 1, ...,rij, where 
n, t = dimVi, and Greek indices a in the interval 1, . . . ,n. Let e a be vector fields 
spanning the distribution V, andpo an d qa the projectors to V and V respectively. 
The components of the Shouten tensor K^ bc are derived from: 

K(e a ,e b )(e c ) = K d ahc e d . 

Plugging into (2.6) and using the properties of the connection V we get: 

(6) -ft'afcc = e a(r^ c ) — eb(r oc ) + r ae r^ c — v bl x e ac + i£i e ab Y ec — M^ b Ap C . 

Coefficients A^ c are defined by po[ep, e c ] — A^e^, p — m + 1, . . . ,n and M^ b are 
the components of the tensor of nonholonomicity A defined by M^ b e p = qo[e a , e&]. 
Expressing e a in the basis of coordinate vector fields as e a — B l a -J^ and plugging 
into (6), we get coordinate expressions for the Shouten tensor, which coincide with 
those obtained in [Wal]. 

i i i 

Denote by b the components of the connection for □ defined by □e a .eh = 

i 

fc e c , where the vector fields e ai span the distribution V{. So, we get: 

(7) k tb = p 1 ;;- 1 n 1 ^.^ + Mz- ibi - il K\_ ibi _ ib + l q \A c pb 
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In the same way we get coordinate expressions for K\j: 

(8) k d aibiC = e ai (n d b j e bi (hj iC ) + n^n^ - n£ e n* iC + 2fi£ 6 n£ c - K ib A d pc . 

it i * 

p and q are the corresponding projectors to Vi and and b . is defined by 

2f2^* fc .e Ci = — p[e 0i , e&J, while M^. h . are the components of the z-th tensor of 
nonholonomicity, defined by (2). 

Finally, for i = N, we get coordinate expressions for the Wagner tensor 

N N d N d N d N d N c 7V rf 

(9) K a N b N c = e ajv(n fciVC ) - eb JV (n ajvc ) + n aive ii bivc - n bwe n^ NC + 2fi^ 6jv ii CJVC . 

The vector fields e ajv are now spanning the whole TM. 

3.3. Absolute parallelism and the Wagner tensor 

We start from the equation 

(10) VW = U , U G r(£7nd(V)), W G r(v). 

The question is if for a given endomorphism U and for every X G r(V), the 
equation: 

V X W = U x 

has a solution. From (10) we get: 

V X V Y W - V Y VxW - V Po[X}Y] W - p [q Q [X, Y],W] = 
=V X U Y -V Y U X - U Po[x .y] - Po [qo[X,Y],W]. 

So, there exists X G T(Vi) such that: 

K(jio(X)){W) + P o[q X, W] = U V {^{X)), 
where (7 v (/io(X)) = V ' x Vy - W Y U X - U po[x , Y] . Then: 

V PoX W + K(fi (X))(W) + Po {qoX,W} = U x = U v (MX)) + U Po x- 
The integrability conditions for the equation (10) are reduced to: 

(11) DW = U. 

In the same way, iteratively, we reduce the integrability condition for the equation 
(10) to the condition: 

i i 

aw = u. 
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Finally, for i = N we get: 

JV JV 

aw = u. 

So : 

JV JV JV JVJV JV JV JV JV JV JV 

(12) X(XAY~)(VT) = □ x Dyiy-DyD x If-D [X| y]W = U x U Y -a Y U X -U [X ^ Y] . 

This equation is the integrability condition for the equation (10). Therefore, in the 
case U = 0, the necessary and sufficient condition for the existence of the vector 
fields parallel along any direction is that the Wagner tensor is equal to zero. 



§4. The rolling disc 



Now, we are going to illustrate the theory exposed before by calculating the 
Wagner tensors in two mechanical problems. In this section, we deal with a homo- 
geneous disc of the unit mass and radius R rolling without sliding on a horizontal 
plane. 

Note that we are going to present only basic steps of the calculations. As it is 
well known, the configuration space is M — R 2 x 50(3). For local coordinates we 
chose x and y as coordinates of the mass center of the disc, and the Euler angles 
if, ip, 9. Nonholonomic constraints follow from the condition that the velocity of 
the point of contact of the disc and the plane should be equal to zero. The two 
nonholonomic constraints are: 

x + R cos pip + R cos 9 cos pip — R sin 9 sin ip9 = 0, 
y + R sin p>ip + R cos 9 sin ipip + R sin 9 cos p9 = 0. 

Corresponding 1-forms which define the three-dimensional distribution V are: 

u)\ =dx + R cos ipdip + R cos 9 cos ipd<p — R sin 9 sin ipd9, 
ui2 =dy + R sin ipdip + R cos 9 sin ipdip + R sin 9 cos <pd9. 

The vector fields which span the differential system N(V) are: 

d n ■ d 8 

ei = R cos (p— + Rsmip- — , 

ox ay dtp 

e 2 = cos9— - — , 

dip op 

d d d 

63 = R sin 9 sines— R sin 9 cos ip— — h — . 

Ox oy 09 

First, let us calculate the degree of nonholonomicity of this mechanical system: 

d d 
ei, e 2 = -R sin ip- — h Rcosp— = T, 
Ox Oy 

[ei,e 3 ] = 0, 
[e2,e 3 ] = -sin^ei. 
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So, the distribution V is nonintegrable, and the whole TM is not generated in the 
first step. From: 

[ei,e 2 ]=T, [ei,e 3 ] = 0, [e 2 , e 3 ] = - sinflei, 

d d 
[ei,T] = 0, [e 2 ,T] = i?cos^— + i?sin^— = U, 

ox oy 

since ei, e 2 , e 3 , T, {/ span the tangent space in every point of M, the degree of 
nonholonomicity is 2. 

It is well known that the kinetic energy of the system is: 

2T = x 2 + y 2 + (A sin 2 6 + C cos 2 6)<p 2 + 2C cos Oipip + C^ 2 + {A + R 2 cos 2 9)6 2 

where A and C are the principle central moments of inertia of the disc in the moving 
frame. This gives a metric on M: 



(9ij) 



/10 

1 

A sin 2 (9 + C cos 2 (9 CcosO 

Ccosf? C 



\ 



\0 







A + R 2 cos 2 9/ 



As it was pointed out after the Proposition 2.1, in mechanical problems we chose 
the orthogonal projector po from TM onto V. The vector fields annulated by po 
are: 

e 4 = -sin^(A + i? 2 cos 2 6')— + cos tp( A + R 2 cos 2 &)— + Rsva.6— , 

ox oy 00 

d d d 

e 5 = Ccos^— + Csvaip— + R^rj- 
ox oy dip 

The vector fields e a are expressed in the basis by e a = B % a -^. So we get: 

(Rcosip Rsinip —10' 

0-1 cos(9 

R sin sin ip — i?sin 6* cos ip 1 



From Po(^t) = pfe a , we get the coordinates of the projector: 



/ Rcos ip 
I C+R 2 



(P?) 



R sin sin if \ 
A+R 2 \ 



.Rsin rx —R sin cos <£ 

C+R 2 U A+i? 2 



C cos 9 ^ 

o 





C+R 2 

-c 



C+R 2 

V o 






A+R 2 cos 2 9 
A+R 2 
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Similarly, for q we get: 



/ — sin ip cos (£ \ 
I A+R 2 C+R 2 » 



(«?) = 



: 



smjp 



A+R 2 C+R 2 





-Rcos 
C+R 2 





RsinO 
A+R 2 



R 

C+R 2 



The induced metric g a b on V, is derived from gif 

' R 2 + C 
(g ab )=\ Asin 2 g 

A + R 2 / 

Now we calculate the components of the connection T^ b for metric connection using 
coordinate expressions (2.4). We start with determining {^ b }. The only nonzero 
coefficients are: 



(2 \ _ (2 \ _ cos @ /3 1 
123/ — 132/ — ~rTa' 122/ 



sin( 



-A sin 9 cos 9 
A + R 2 ' 



The coefficients il we derive from —2Q, c ab — po[e a ,ei,]. Having the expressions for 
the commutators of e a , it can easily be seen that nonzero elements are: 



O 3 

"12 



3 _ R 2 sing . 
^ 21 ~ 2(A + R 2 Y ih3 



"^32 
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From (2.4) we get the following nonzero components of the connection: 



r 1 

1 23 



-(2.R 2 + C)sin0 ! _ Csing 
2{C + R 2 ) ' ~ 2{C + R 2 Y 



■p2 t~i2 

1 23 — 1 32 — 



smf 



■C 3 Csing 

13 --3i - 2 i4sin0' il2 ~ 2{A + R 2 Y 



p2 _ p2 _ 
1 i q — 1 n — 

(2i? 2 + C) sin 



r 3 

1 21 



2(^ + i? 2 ) ' 



r 3 

1 22 



-^4 sing cos 
A + R 2 ' 



In order to get the components of the Shoutcn tensor (see (3.6)), we are calcu- 
lating the coefficients A. From: 

d d d 

[e 4 , ei] = 0, [e 4 , e 2 ] = - cos (p(A+R 2 cos 2 0)- — smu>(A+R 2 cos 2 9)- — i?sin 2 6— , 



9 9 9 

fe4,e 3 ] = — R 2 sin a? cos 9 sing— — h R 2 cos w cos sing— Rcos 9—, \e 5 ,ei) = 0, 

ox ay o9 



d d 
[e 5 ,e 2 ] = -Csin^— + Ccost^— , [e 5 ,e 3 ] 
ox ay 



0. 
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we get: 



A 42 



-R(A + R 2 cos 2 6 -C sin 2 0) 



A 3 



-Rcos9, Al 2 



-RC sin9 



C + R 2 ' " 43 '» "52 A + R 2 ■ 

Similarly, for the components of the tensor of nonholonomicity we get: 



R 



A + R 2 ' 



'-24 



C + R 2 ' 



where the projectors pi and q\ to V\ and Vf 1 are used. Here V\ is generated by the 
vector fields e\ , e 2 , e^, , e± : 



/ -R cos (/? 
» C+.R 2 



-R sin y> 
C+R 2 

-Ccosfl 

-c 

C+i? 2 





V 



-R sin 9 sin <£ 
A+R 2 

— -Rsin 6 cos ip 
A+W 



A+R 2 cos 2 
A+W 



— sm ip \ 
A+R 2 » 



COS 

A+_R 2 



-R sin i 
1+W / 



, cos y . 

/ C+7F \ 



sm y 
C+fl 2 



_R cos 6 
C+R 2 



C+R 2 

V o / 



Expansion of the metric from Vo to V\ is obtained from the coordinate expression: 
<?° lbl = M^M^g ac g hd as: 



2i? 2 



(A + i? 2 ) 2 (C + i? 2 )^sin 2 6»' 
1 

.944 = -44. 



Similarly, we get the coordinate expressions for the metric expanded on V2 = TM 
by: 

4R 2 



„55 



A 2 (C + R 2 ) 3 sin 4 6>' 
1 

3 55 - ^55 ' 

From the expanded metric, as it was mentioned before, we get the components for 
the morphisms /Uq i H\\ 



M 12 



(MW 1 9 22 



A + R 2 
2R 



Mf 



C + R 2 
2(A + R 2 )' 



Everything is prepared for calculation of the Wagner tensor. In the coordinate 
expressions for the Wagner tensor, the first two indices take values from 1 to 5, and 
the second two from 1 to 3. from the antisymmetry for the first two indexes, there 
are 90 independent components of the Wagner tensor. We are going to calculate 
three components. All calculations are performed in three steps: the first step is 
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1 

the Shouten tensor, then the tensor K on V\, and finally the Wagner tensor. Wc 
are calculating only the necessary components. 

We calculate the component K 2 51 of the Wagner tensor. 

K 2 ibl = ei (h 2 i) - e 5 (hi) + hcki - h 2 Js° 41 , 

2 1 * 

= U C A1 = M?K\ 21 , 
h\c = he = MfK\ 2c , 
ha = ezihi) - e 4 (r^) + Vjlt - h 3 T 3 21 , 



2 

C' 



K 2 24c = e 2 (Ul) - e 4 (Tj c ) + r 2 23 ul - ul d T d 2c + 2n 24 r 2 

hz = Ml 2 K c 123 + A c i3 , he = Ml 2 K 3 12c . 

So, for the component K 2 5lJ we need first the coordinate expressions for the com- 

o 

ponents Kf 2c of the Shouten tensor. From (3.6) we get: 

£i _ a K 2 -cm 2 + o 

^121-0. *121" 4A{A + R 2 ) - 

o 3 o 1 _ 4i? 2 A + 4i? 4 cos 2 + C 2 sin 2 

^121-0, K 122 - , 

2 _ i? 2 COS 3 
K 122 - -4 - ^,2 ' ^122—0. 



Similarly, we get: 



Therefore: 



rV -0 h -0 h ~ C ^ R2 + C ) 

ii 41 — u, ii 41 — u, ii 41 — ^AR 



1 1 

n^ 2 = i?cos6», n| 2 = o, 
n 43 = o, nl 3 = o, ni 3 = o. 



^241 = 0, K 2 42 = 0, ^241 = 0, 



l 2 8R 4 A sin 2 - 10R 2 C 2 sin 2 - C 3 sin 2 + 8i? 2 AC sin 2 + AR 2 AC - 8R 4 C sin 2 + 4i? 4 C ( 



^243 



8AR sin0(C + i? 2 ) 



So 

= M 24 ir 24 i = 0, hi = Mfk 2 2il = 0, n 2 2 = M 24 i: 2 42 
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Finally, we get 



K 2 51 = 0. 



In the same way, we can calculate the other components of the Wagner tensor. 
For example, we are calculating also Kf 2 i and K\ 21 . 
From 



we get: 
and finally: 



2 2 

7^2 _ p2 pc , nna2TT2 
-"-121 — 1 lc 1 21 + zs 'l2 11 a 2 l' 



K( 21 = 0. 



Similarly = 4A( ^ +C) ■ 

§5. Ball rolling on the fixed sphere 

Now we will give a construction of Wagner tensor for the system of a homoge- 
neous ball of unit mass o rolling on the fixed sphere S 2 . Denote the diameters of the 
ball and the sphere by r 2 , r± respectively. This system has five degrees of freedom. 
Let us introduce the following coordinates: the spherical coordinates a, (3 on S 2 
and the Euler angles ip, ip, 9 which determine position of the ball. Nonholonomic 
constraints are derived from the condition that velocity of the contact point is equal 
to zero. There are two independent nonholonomic constraints: 

(1 + k)$ + sin(V> — a)9 — sin#cos(V> — a)(p = 

(1 + k)a + tan (3 cos(tp — a)9 + [tan (3 sin 9 sin(?/> — a) — cos 9}p> — ip = 0, 

where k — r\jr 2 . So, we assume r 2 = 1. Corresponding 1-forms that define the 
three-dimensional distribution V are: 

w\ = (1 + k)d(3 + sin(V> — a)d9 — sin 9 cos(ip — a)d<p 

u 2 = (1 + k)da + tan (3 cos(V> — a)d9 + [tan (3 sin 9 sm(ip — a) — cos 9]dp — dtp = 0. 
Vector fields: 

X 2 = tan (3 sin 9— (1 + k) sin6>cos(V> — — (1 + k) sin(V> — a) — 

da a9 op 

d 

+ (1 + k) cos6'sin(V' — a )~Q^ 

d d d 

X 3 = sin9— - (1 + k) sin#sin(/0 - a)— - (1 + k) cos(V> — a) — 
op 09 op 

d 

— (1 + k) cos0cos(?/> — a )-Q^ 
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span the differential system N(V). Since 



[X 1 ,X 2 ] = (0, 0, kcos6cos(ip - a) (1 + fc), -kcos(ip - a) (1 + fc), 

fc sin# sin(V' — a) (1 + fc)) 
[Xi , X 3 ] = (0,0, A; cos6» sm(ip - a) (1 + k), -k shn> - a) (1 + fc), 
— fcsin^cos^ — a) (1 + fc)) 

sin 2 + (1 + fc)sin# sin(f/> — a) cosO sin/3 cos/3 



[*2,* 3 ] = ( 



cos 2 (3 

— sinO cos(V> — a)cos^(l + fc), 

(1 + fc) 2 (2cos 2 6<cos/3 - cos/3) - (1 + fc)sin#sin('</> - a) sin/3 cos#) 

cos/3 

(1 + fc) 2 cos cos (3 — (1 + fc)sin/3 sin6> sin(V> — a) 
cos/3 



sin/3 cos(V> — a) sin 2 9 (1 + k) 

cos(3 



the degree of nonholonomicity is equal to one. 
From the kinetic energy of the system: 

2T = (1 + kf (/3 2 + cos 2 f3a 2 ) + A(ijj 2 + <p 2 + 6 2 + 2 cos 9ipip), 

where A is the inertia momentum of the ball, the formula for the metric is derived 



(9ij) 



/ (1 + k) 2 cos 2 (3 
















(1 + fc) 2 

















A 


A cos 











A cos 9 


A 





V o 











a) 



We choose the orthogonal projector pa. The vector fields orthogonal to the distri- 
bution V are: 

d d 

X4 = A cos(V> — a) — h A tan (3 cos 2 (3 sin(i/> — a) — 

oa dp 

d d 
- (1 + fc) cos 2 ,5 cos (V? - a) — + (1 + fc)tan/3cos 2 /3— 

oip 00 

& d 
X 5 = Asm 8— + (l + fc)cos0cos(>/>-a) — 
a/3 



8 



d 



— (1 + fc) cos(V> — a) a h (1 + fc) sin^sin(^ — a) — . 



dip 

So the induced metric on the distribution V is 

A + cos 2 S3 sin /3 cos (3 sin 
[g ah ) — I sin /3 cos /3 sin 6 sin 2 + sin 2 (3) 














sin 2 6>(1 + A) 
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Using formula (2.4) we get: 



3 sin/3 cos/3 3 lAfc-A-2+2 cos 2 (3 

11 = sin0 (1 + A) ' 12 = ~2 TT1 ' 

x (1 + fc) sin0 sin/3 cos/3 2 _ 1 A fc - A + cos 2 /3 fc - 2 + cos 2 /3 

13 ~ (l + A) ' 13 ~ 2 1+~A ' 

, 1 A + Afc + 2-2cos 2 /3 , , , N „ 

F21= 2 iTA ' r 22 = -(l + fc)cosecos(^-«), 

3 _ (A + sin 2 [3) sine sin/3 



r 

1 22 



r 1 

1 23 



r 2 

1 23 



1 32 



cos/3 (l + A) 

fc + 1 - A sin 2 + cos 2 (3-1 + cos 2 /3 cos 2 9 + cos 2 1 
~~ 2 l + A 

(2A-(1 + fc)cos 2 /3 + 2) sing sin/3 
2cos/3 (l + A) ' 



o i 1 (-1 + fc) cos/3 sin/3 sing 

lis = -(i + fc)cose CO s(^-a), rl 1 = - y 



2 l + A 



r2 1 A + A k + cos 2 /3 fc - cos 2 /3 + 2 
31 ~~ ~2 l + A 



, _ 1 (1 + fc)(-Asin 2 6>- 1) + (1 - fc)(co5 2 /3cos 2 e + cos 2 e-cos 2 /3) 
32 ~ 2 l + A : 

1 -2(1 + fc)(l + A) sin(V> - a) cose + (1 - fc) sin 6 sin (3 cos 6 



2 l + A 

r 33 = -(! + fc)sin(^ - a) cose 



Other T are equal to zero. Some components of the Shouten tensor different from 
zero are: 



°! ° 2 ((fc - 1) 2 A + 4 fc 2 ) sin (3 cos/3 sine 

*121 - -^122 - 4(1 + A) 2 

o 2 (1 + fc 2 )(A 2 + A cos 2 (3) + 4Afc(l + fc) + 2fc(A 2 - A cos 2 /3 + 2 fc cos 2 (3) 

Kl21 ~ (TTAj 

o 2 o 3 _ (-5 A + 2Afc + 3Afc 2 -4) cos/3 sin/3 sine 

-^132 — ^231 — 



4(1 + A) 2 



° 2 (-1 + fc 2 ) sine sin/3 cos/3 

133 ~ TTa 



The following components of the Shouten tensor are zero: 



b 



121 



K 



122 



b 



132 



X 3 



133 



A 1 

123 

&1 
^231 



£ 2 



123 



A 



123 



A' 



131 



A 



131 



A 



132 



A 2 



231 



b 



232 



A 2 



232 



b 



233 



21 



Expansion of the metric is given by the following formulae: 



,44 



2fc 2 



9 



A{A + I) 3 cos 2 [3 cos 2 {ip~ a) 1 
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,45 



— 2fc 2 sin (3 sin('0 — a) 



9' 



,55 



A(A + l) 3 sin cos (5 cos(tp - a) 
k 2 (l - cos 2 (3sm 2 (tp - a)) 



A(l + A) 3 sin 2 Ocos 2 ^ - a)' 



One of the components of the Wagner tensor is: 



K 



133 — 



sin 2 9 cos 2 (i(k 2 (A + 4 sin 2 /?) + 2Ak + A + 4 cos 2 /?) 
4(1 + A) 



From the last formula we get 

Theorem 1. For any k the Wagner curvature tensor is different from zero. 



From the Theorem 5.1, it follows that the Wagner tensor is essentially different 
from the tensors constructed by Cartan [Ca] and Agrachev's school [AS, AZ1, AZ2], 
since it doesn't recognize the nilpotent case. A natural question is to find the theory 
of Jacobi fields which corresponds to the Wagner curvature. 

At the end let us note that the paper [Ta] appeared very recently, dealing with 
geometrization of nonholonomic mechanics, based on some later Cartan's work. 
The connections studied in [Ta] are generally not torsion-less. 
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